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! In  tha  design  pi  Urge  arroyo,  tha  question  arises  of  possible  direeti^v 
. indax  degradation  duo  to  a randomly  perturbed  signal  wavefront*  In  this  memo-V. 
TGtt^  the  may  effective  directivity  Index  la  found*  for*  such  a situation  as- 
a function  of  the  number  of  ays.  ay  elements,  N»  and  average  intorelement  cor- 
relation functions , for  signal  and  noise  sound  fields*  Developments  aye  given 
, for  tha  cases  of  independent  perturbations  and  tterKov-Gsussian  correlated 
perturbationo.  ik 


DEVHiOPi.IEMT 

lot  Art’ll)  ba  the  voltage  output  of  tha  ^ omnidirectional  element 

Pi  an  N eTgmpnf  er* ay,  in  the  signal  acoustic  field.  Each,  element  may  be 
n&tumod  to  be  compensated  (in  iiins  delay)  for  the  non^perturbad  wavefront. 

Duo  to  p perturbation  imposed  on  the  wavefront  during  its  passage  through 
the  mediums  hoover*  the  Output  of  the  V®'  hydrophone  differs  in  delay 
fyom  that  of  th?  reference  hydrophone  by  an  amount  ‘Vy  . For  any  hydro- 
phones ' is  resumed  normally  distributed  with  vari ansa  about 

the  mean  corresponding  to  the  ideal  v^avo front.  & 


may  tl.un  represent  the  summed  voltage  output  from  the  array  for  signal 
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The  masiv*fiqt«8Ero  signal  voltage*  then*  is: 
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where  $ % * 


* infosence  hydrophone  normalized  autocorrelation  function 
for  the  signal  field* 


and  ,ho  bar  indicates  time  average* 

It  will  be  noted  that  a stationary  time  series  is  assumed  far  the 
hydrophone  outputs.  If  it  is  further  assumed  that  the  probability  of  occur- 
renca  of  the  perturbation  *%$  at  the  l w hydrophone  is  independent  of 
the  perturbation  at  all  the  other  hydrophones*  then  the  following  definition 
of  the  average  signal  intotelemaot  correlation  function,  TjL  , has 
meaning; 
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Substituting:  from  (3)  into  (2),  then,  gives t 
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An  exactly  similar  derivation  may  be  made  for  the  noise  field  (no 
properties  of  either  field  have  yet  been  assumed),  yielding; 
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. *&!**•  aft  9x\y»ll*  pwroartv  of  th*  “ivsfrorft  which  is  quite:  reasonable. 

* Jio 'iskp^ect  .tt$dhr  the  conditions  we  h aye  as *j wed *..  ■ 
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Substituting  from  (ll)  into  (9), 
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Ncw,;  fc  single  frequency  or  narrow  band,  we  find  (if  <a»  ig  ^ ts  ) 
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From  ( 13)  into  (12),  then 
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correlation  functior 
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... r Substituting^  from  (;15)  into  (8)*,  gives 
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of,  for  single  frequency*  since  ■$*  t> 


■'VJll  t 


Seyeral  limiting  oases  mssy  be,  examined.  Firsf,  if  ■«*  approaches  0,  then 
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Secondly,  if  approaches  infinity,  then  the  last  term  on  the  right  in, 

( 16)  approaches  zero,  so  the  EDI  approaches  zero  in  this  case,  Since  havinci 
go  td..  infinity  corresponds  tp  complete  destruction  of  the,  signal 
Wavefront,  this  answer  is  intuitively  satisfying.  , . , 


In  Figurd;  !,  the  EDI  is  plotted  versus 
from  32  to  32,000.  When  the  product 
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uummsm  '•Uffivcnai.u; 


**  * *>"  ‘ 

U5L  Tech*  f&Mu 

No.  1 170-10-59. 


V 5- 


fvV  A/y-  w . ''\v 


••tfea  ,db*4oSs  ‘Sil-'Edl  '4w&-to  v Up  Is.  independent  of  $L  This  p<5c\ixs  fo| 
and  -loss’  $$a*  toward  the  left  of  the  figure'* 
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Wavefront  perturbations  correlated  from  hydrophone  to  hydrophone  over 
' the  whole  array  .create  essential  complications,  it  is  possible  to  attack' 
$uoh  a problem  using  first-order  Markov  theory  as*  follbws* 


: ■ • bet. us  mwfta  the 

. perturbation  thusi 


perturbation  is  related  to  the  4 
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r%  13  f + T • -y  foW  , r (T9) 


where  ^ is  a constant  and  is  a variable  whoso  variance  is  the  > 

earns  as  1S&  , hut  which  ip  raddom  with  xespect  to  . It  is  easily 

shown  that  fi>  is  the  normalised  cross  cnmlation  between  and  *tg 
both  of  which  possess  the  same  variance*  The  argument  may  bo  exiehdecLto 
show  that  f/  ^ is  the  normalised  cross-corrolation  between  the  d® 
and  the  tvNh8*y©»  perturbations.  For  the  Gaussian  case  (governed 
by  a second-order  Gaussian  distribution,  the  so-called  Markov-Gauasian 
condition)  it, con  be  easily  shown,  using  a method  suggested  by  b*  f.  Cron, 
that  thg  distribution  of  the  difference  between  the  "a™?  and  the  («5 <vs)r$ 
perturbations  is  Gaussian,  with  mean,  aero  and  variance  given  by 


Ac  a check,  wo  see  that  for  f *>  & , is  twice  3%^  and 

independent  of  n,  which  is  the  assumption  used  to  derive  (16)  and  (17),  For  * 
P™  h is  zero,  which  means  that  we  have  .again  an  ideal  wave- 

front  with  no  perturbations,- . and  so  no  degradation  in  EDI . 

To  calculate  the  effect  on  EDI , let  us  start  from  (2) ..  We  must  replace 
(d)  by  a series  of  equations,  resulting  for  the  second  term  of  (2),  in 
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*v  indicate'-.?  the,  difference  of  perturbations  from,  elements 

■■•'■';  V-  7 -part.  * •'.  - •■ ,'  ' • , . :,{  , 

%Wj,$£hpe  m still  have  to  do  with  Oaussien  distributions,  as  in  (14),, 
. ..  hhVories  in  which  the  variances  are  different,  we  can  immediately  write-  down 
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. Substituting  from.  (22)  into  (21 ) and  (2)  then  gives* 


and,  with  the  assumption  of  negligible  noise  correlation  ( if  this,  is  .not 
true,,  an  equation  similar  to  (7)  must  be  used),  there  finally  results,  for 
the  case  of  correlated-  perturbations, 


' ' §f  ^ 

where  f is  the  normalized  cross-correlation  between  perturbations  from 
elements  n apart,  N is  the  number  of  array  elements,  and  is  the 
variance  of  the  perturbation  distribution  for  (any)  one  element  output. 
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V ^ ,,  1‘ftt^st.^as  b#h  expressed  in  obtaining  -ah  expjcsssion  like  M$h  fr<P 

'/‘ : ^hfcii  the. Epl -Rjay  ba  developed  for  specific  assumptions.  No  further  <&.**• 
Oussion  wU$.jte  -^ivcsh’hero#  other  than  to  indicate  that  when  a MaeLaurin 
,M  ' . series  approximation  to  the  exponential  is,  permissible , computational  dif- 
"-  / \-  ’;  ^loultios  icah  probably  be  eased*  ’ ^ 
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